JOURNAL OF APPROXIMATION THEORY 50, 185-191 (1987)

Equiconvergence of Some
Lacunary Trigonometric Interpolation Polynomials

A. K. VarMa

Departmert of Mathematics, University of Florida,
Gainesville, Florida 32611, U.S.A.

AND

P. VERTESI

Mathematical Institute, Hungarian Academy of Sciences,
Realtanoda u. 13-15 Budapest H-1053, Hungary

Communicated by Paul G. Nevai

Received January 13, 1984; revised November 20, 1984

DEDICATED TO THE MEMORY OF GEZA FREUD

1. INTRODUCTION

We study in this paper the problem of equiconvergence of some lacunary
(Birkhoff) trigonometric interpolation polynomials (for a detailed treat-
ment of this subject we refer to the recent book of Lorentz ef al. [1]). In
1968 A. Sharma and A. K. Varma [6] proved that there exists a unique
trigonotetric polynomial R ,(x) such that

Rn(xkn) = Qpps R,/,/(an) = bkn’ R;”(xkn) = Cps (11 )

where x,,=2nk/n and ay,, b,,,c,, are given constant, k=0, 1,.,n—1
(“(0, 2, 3) interpolation”). We require the trigonometric polynomial to have
the form

M—1
do+ Y. (dicoskx+ e, sinkx)+ ed,, cos Mx, (1.2)

k=1

where M =[(3n+1)/2] and ¢=1 or 0 according as » is even or odd.
In the same paper [6] the following convergence theorem was proved:
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THEOREM A (A. Sharma and A. K. Varma [6]). Let f be 2n-periodic
and in Lip o, a > 0, and let

. n’ n’
akﬂ :./(xkn)’ bkn:0 < 5 Ckn:0 >» k:07 lwwnv 1 (13)
log n) logn

Then R, (x)= R, (f, x) satisfying (1.1) and (1.3) converges uniformly to f(x)
on the whole real line.

It is natural to ask to what extent is this theorem best possible? This
problem was examined in [8]. It was shown that even in the case
bin=cn=0, feLipa, a>0, cannot be replaced by fe C,,.

Throughout this paper we shall assume n=2m+ 1,

Xy, = 2mk/n, k=0,1,.,a—1. (1.4)

Further, we shall denote by Q,(f, x) the trigonometric polynomial of the
form (1.2) satisfying

Qn(fa an) ZN/‘(an)v Q;t,(f? xkn) = ;IH(]; xkn) = Oa

(1.5)
k=0,1,.,n—1.

It is well known [see Zygmund [10]] that the unique trigonometric
polynomial of order m which interpolates f(x) at the nodes (1.4) is given
by

n—1

1
T(fix)=" 2 S (Xkn) DX = X40) (16)

k=0

with

D,(x)=1+2) cosix. (1.7)

i=1

It would be nice to observe that 7,(f; x) converges to f(x) only under
certain conditions and this would motivate equiconvergence of f— @ and
f—T,. For interesting contributions on equiconvergence we refer to G.
Szego [7] (see specifically Chapters IX and XIII). More precisely, we state
our main theorem on equiconvergence as follows:

THEOREM 1. Let fe C,,, then there exists a function p,(x) € c,, indepen-
dent of [ with |u,(x)| < c such that

Jim [ £(x) = Q,(f, ¥) = u, NS (x) = T/, %)) ] =0, (1.8)
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uniformly on 0 < x < 2n. Here Q,(f, x) and T, (f, x) are defined by (1.5) and
(1.6).

COROLLARY 1. Let p>0 be any fixed number. Then the sequence
Q.,(f, x) defined by (1.7) satisfies

tim [T 10,04, %)~ () dx=0

for every fe C,,.

The above corollary at once follows from Theorem 1 and the well-known
theorem of Marcinkiewicz [2, 10] which is stated below.

THEOREM B. Let f(x)€c,,,0<p< oo, and T,(f, x) is given by (1.6)
then

lim f” |f(x) = T, (f, x)|” dx =0. (19)

For many interesting contributions on the problem of mean convergence
we refer to the works of P. Nevai [3-5], P. Vértesi [9], and many referen-
ces mentioned therein.

2. PRELIMINARIES

We denote the Fejér kernel by

2z
t(x)=1, tj,k(x)=1+} Y (j—i)cosi(x—x4,), j>1. (2.1)
i=1

The following properties of the Fejér kernel will be needed:

G+ 1)t 4 (x) = 2jt(x)+ (G—=1) t;_ 4(x) =2 cos j(x — xy,), (2.2)

Y Lux)=n, (2.3)
k=0
2
L KT Xy .
) sy (2.4)
j,kx _.] - x_xkn
sin
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From (1.10) we have

m

D, (x—x,)=14+2> cosi(x—x,), (2.5)
Dm(xkan):(m_’_l) m+lk( ) mt ( )v (26)
D3m+ l(x - xkn) = (3m + 2) t3m+2,k(x) - (3m + 1 ) t."(m + l,k(x)’ (27)
D, (x—x,)=(14+2cos(Zm+1) x) D, (x — x,,) (2.8)

In the quoted work [6] the explicit form of Q,(f, x) was also obtained.
It is given by

Z f xkn X 'xkn) (29)
where for n odd (= 2m+1)
u(x) = A,(x) — B,(x) (2.10)
where
l 2 m 1 3m+1
A,,(x)=;[l + Y a},coij], B, (x)=—= Y B,cosjx (2.11)
j=1 j=m+1
and
(n’=J°)° (n—j)*(2n—j)?
oq. = LS ———————— ;= e - R U 2-12
% =& 32 B= B n—3(n—J) (2.12)

For the proof of Theorem 1, we need to express the fundamental
functions u(x — x,,) in terms of Fejér and Dirichlet kernels. This result is
shown in the next lemma.

LEMMA. The following representation of A,(x} and B,(x) is valid:

m
A”(X— an = } Z /lt/k(x n (am 1 am) [m.k(x)

+%Dm(x—xk,,) (2.13)

and

By(x— xy) [ S Sulty) 4 (B 1 — o) Ml ()

I=m+1

+Bm+D)(Bsm—Bamat) tam s 1x(X)
+(ﬂ3m+1(1+2cosnx)~ﬂm)Dm(x—xkn)] (2.14)
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where
V= — 20+, 0, 0=B; 1 =2B+Brs1- (2.15)

Proofs of (2.13) and (2.14) are on the same lines. Therefore we give the
details of (2.13) only. From (2.11), (2.2), and (2.15) we obtain

1 |
A=) =3 | 1 540 1) 01409~ 200)

1 +
+(j—1)t,_ lk(x)):l { <Z o, It (x

=2

-2 f Iyt (x) + le a,+,lt,,k(x)>]

1 m—1

:___3[ Z (aF ! —20t/+a/+ 1) ltl,k(x)

L

+o,, ml (X)) +a,(m+1)1, ],k(x) —2maua,, tm,k(x)}
1 m 1
mos | V04 =t 1)
=1
a4 1) 1y 1) — mrm‘k(x)J
1 m—1
=_’3|: Z ‘yllt[k m 1_am)mlm,k(x)+amDm,k(X):|'
This proves (2.13).

3. Proofr OF THEOREM 1

Since Q(1; x)=1, we have

n—1

F) = Qi x)= 3, (f(x)—=f(xpa)) u(x — x4,)-
k=0
Further, from (2.10), (2.11), and (2.13) we have

F(x) = Qu(fi x) = i F(3) = f (X)) Do = X0)

+b., Z (x) = f (X)) Lna(X)
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(3m+1) G

2 3 (/3}'&1 - /{3/71 i I) Z (/(-\) ”’./‘(-\‘kn)) I}m + Lk{'\)

mo 1

+— Z il Z ()= f (X)) L14(x)

where

1 3m 1 i )
Py Z 10, Z (f(x)—f(xpn)) £4(x), (3.1)
I=m+ 1 k=0
() =22 LB (14 2 cos nx) — B,) (3.2)
n 2n
b =5 @ 1= %) =55 (B 1= B (33)

From (3.2), (3.3) we have

ap) ="l <e, (34)
Bl <2 B Bame | Sesn, (35)
vl <cg,s 1=1,2,..,m—1, (3.6)
10,] <cs, [=m+1,.., 3m, (3.7)

where ¢, ¢,, ¢4, ¢4, and ¢5 are independent of n. Therefore, we have

where

'{Zn(x)

3n( )“

F(x)=Q,(f, X) =, (x)(f (x) = T,.( /. x))
= Aonl(X) + A3,(X) 4 A, (X) + A5, (x), (38)

n—1

me Z (f(x)ﬁf(xk)) tm.k(x)’

DD B~ B T 050 140,

Aan(X —ig i 2 S (xin)) (X)),
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and

1 3m n—1

lsn(X)=§—;3- Y16, Y (fO) =S (i) (). (39)

I=m+1 k=0

Next it is easy to show that for fe C,, we have

Him A,,(x)=0, k=23,4,5. (3.10)

n-— oC

Here we use (3.5)~(3.7) and follow as in Fejér sums. From (3.8) and (3.10)
Theorem 1 follows at once.
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